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ABSTRACT: Smith-Purcell radiation results from charged particles that move closely to a
periodic structure. In this work, we report the on-demand control of Smith-Purcell radiation by
rationally designed graphene metasurfaces. Not only can we strongly enhance the efficiency of
Smith-Purcell radiation, but also the amplitude, phase, and polarization state of the radiated wave
can be fully manipulated by tuning the structure and Fermi level of the graphene metasurface.
Through designing the geometric parameters of each unit cell of the metasurface, the intensity of
the radiated wave from each unit cell can be changed from zero to maximum. Meanwhile, the
phase of the radiated wave at any position of the metasurface can change within a range of 2π by
adjusting the displacement of the patterned graphene structures. Utilizing these two properties,
we demonstrate that we can steer the direction of the Smith-Purcell radiation and focus the
radiated wave with dual focal points. Furthermore, a circularly polarized wave with an arbitrary phase can also be realized via
introducing cross-polarization. Our findings provide a new way to design electron-beam-induced light sources as well as particle
detectors with high efficiency and a compact footprint.
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As the two-dimensional (2D) equivalent of metamaterials,
metasurfaces have become a very important area in

nanophotonics, because they offer a new strategy to implement
highly compact, planar optical devices.1−4 Different from
conventional optical devices that typically require phase
accumulation in a bulk material, metasurfaces can realize a
prescribed local phase and polarization within a 2D plane,
thanks to the strong interaction between light and engineered
subwavelength building blocks. Meanwhile, metasurfaces are
relatively easier to fabricate and have lower losses compared to
bulk metamaterials. Many kinds of metasurfaces, which can
work from the optical to microwave regions, have been designed
and fabricated to achieve different functions, such as beam
steering,5−7 focusing,8−10 total absorption,11−14 holo-
grams,15−17 and so on.
Recently, some efforts have been devoted to employing

metamaterials to investigate the intriguing interaction among
electrons, photons, and structured matter. This interaction
could lead to electron-beam-induced emission over a broad
wavelength range, which shows great potential applications in
nanoscale light sources.18−20 For example, reversed Cerenkov
radiation has been proposed and observed in metamateri-
als.21−24 Similarly, there has been a resurgence of interest in
Smith-Purcell radiation mediated by metamaterials or meta-
surfaces.25−30 Smith-Purcell radiation describes the light
emission process when charged particles move closely and
parallel to a periodic structure, with the velocity slower than the
phase velocity of light in the surrounding medium.31 Smith-
Purcell radiation could be explained by the coupling between the
evanescent fields of the moving charged particles and the

electromagnetic modes of a periodic structure.32 As a result, the
Smith-Purcell effect strongly depends on the physical structure
of the building blocks, providing us with an opportunity to
manipulate the radiated light by structural designs. Recently, C-
aperture Babinet metasurfaces have been proposed to control
the polarization direction of Smith-Purcell radiation through
induced cross-coupled electric and magnetic dipoles.25 How-
ever, how to completely control other degrees of freedom, such
as the phase and amplitude, of the radiated light, especially in a
dynamically tunable manner, remains largely unexplored.
In the paper, we propose a graphene metasurface that consists

of patterned graphene structures, including ribbons and patches,
to fully control Smith-Purcell radiation. Graphene, a 2Dmaterial
made of a monolayer of carbon atoms,33 has attracted extensive
interest in the design of metasurfaces due to its unique optical
and electronic properties.34−40 Doped graphene not only
supports plasmonic excitations in the terahertz regime, but
also shows an enhanced photonic density of states.41 Recently,
Wu et al. demonstrated that nonlinear graphene plasmons can
be greatly enhanced through phase-match coupling.42 By tuning
the surface plasmon (SP) resonance of graphene patterns, we
show that the phase, amplitude, and polarization states of the
Smith-Purcell radiation can be controlled on demand. Using
nonperfectly matched diffraction processes,43,44 we numerically
demonstrate that the phase of Smith-Purcell radiation can be
tuned by changing the position of graphene ribbons.Meanwhile,
the radiation amplitude, which is proportional to the strength of
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the SP resonance, can be manipulated by changing the width of
the graphene ribbons. Leveraging these properties, we design
two graphene metasurfaces, which can steer the direction of the
Smith-Purcell radiation and focus the radiated wave, respec-
tively. Finally, we extend the building block of the graphene
metasurface from ribbons to patches. It is shown that a cross-
polarized radiated wave can be excited when we adjust the
orientation of the graphene patch. This allows us to achieve
circularly polarized radiated waves by combing two graphene
patches into a unit cell. The full control of Smith-Purcell
radiation presented in this work manifests many potential
applications in tunable light sources, on-chip particle detectors,
holograms, and other novel optoelectronic devices.
The schematic of the Smith-Purcell radiation generated by a

graphene metasurface is shown in Figure 1a. The graphene
metasurface consists of patterned graphene structures (e.g.,
graphene ribbons), a dielectric spacing layer, and a thick metal
film at the bottom serving as a perfect reflector to eliminate
transmission. The thickness of the dielectric layer is h = 15 μm. A
uniform sheet of charged particles moves with a velocity of v0 in
the plane of z = z0 = 5 μm, while the graphene ribbons are in the
plane of z = 0. The current density can be expressed as

δ δ̅ = ̂ − −J x z t xqv z z x v t( , , ) ( ) ( )0 0 0 , where q is the charge
density distribution per unit length in the y-direction, and v0 is
the velocity of moving charged particles. After Fourier
transform, the current density in the frequency domain is then
given by25

∫ω
π

δ̅ = ̅ = ̂ −ωJ x z tJ x z t e xI z z e( , , )
1

2
d ( , , ) ( )i t ik x

0 0
x

(1)

where kx = ω/v0 and I0 = q/2π. It should be noted that we use a
2D sheet of moving electrons, which is invariant along the y-axis,
in order to simplify the simulation. In realistic experiments, an
electron beam can be used to induce evanescent waves to
interact with graphene metasurfaces. As indicated by a recent

work,45 a simplified 2D electron source could capture all the
necessary physics involved in this process, because all the
resonant modes of patterned graphene structures are transverse
magnetic polarized. When the velocity of charged particles (v0)
is smaller than the phase velocity of light (c) in the surrounding
medium, Smith-Purcell radiation can be generated due to the
coupling between the evanescent fields associated with the
moving charged particles and the periodic structure next to
them. In this case, the evanescent fields induced by the surface
current in the region 0 < z < z0 can be written as
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where γ = −k kx
2

0
2 and ε0 is the vacuum permittivity.

Equation 2 indicates that the field is transverse magnetic
(TM) polarized. The reflected fields above the metasurface can
be expanded in terms of Floquet modes:

∑=
− − + +H H er

m n
mn

i k mG x ik z

,

( )x zm

(3)

where G = 2π/p is the Bloch wavevector associated with the
p e r i o d i c i t y p a l o n g t h e x - d i r e c t i o n , a n d

= − +k k k mG( )zm x0
2 2 is the wavenumber along the z-

direction. To generate far-field radiation, we need k0
2 ≥ (kx +

mG)2, which leads to a negative m and a subwavelength
periodicity p (i.e., p is smaller than the free-space wavelength λ0).
Consequently, the radiation wavelength and the periodicity
should satisfy the relation:

Figure 1. (a) Schematic of Smith-Purcell radiation mediated by graphene metasurfaces. (b) Dependence of the reflectance and phase on the width of
the graphene ribbons when TMpolarized light is normally incident on ametasurface consisting of periodic graphene ribbons. (c) Normalized radiation
amplitude and phase of Smith-Purcell radiation induced by the samemetasurface in (b). (d) Dependence of the radiation phase on the displacement of
a graphene ribbon in its unit cell for the second-order Smith-Purcell radiation. In all the simulations, the Fermi level of the graphene ribbons is 0.48 eV
and the frequency is 2 THz.
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When eq 4 is satisfied, the angle θ between the direction of the
radiation wave and the moving particle can be defined as cos θ =
(kx + mG)/k0. Hence, the relation between the wavelength and
the radiation angle of Smith-Purcell radiation is given by
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| |
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jjjjj
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zzzzz
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c
v
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0 (5)

From eq 5 it is clear that the radiated light is along the z-axis at
the radiation wavelength λ0 = pc/|m|v0.
We first investigate how to control the phase of Smith-Purcell

radiation by a graphene metasurface consisting of graphene
ribbons. In our design, we consider that the period of the
metasurface is p = 25 μm, and the frequency of radiated waves is f
= 2 THz. The conductivity of graphene is described as the Kubo
formula46 and the scattering time τ = 1 × 10−12 is assumed.47

The Fermi level of the graphene ribbons is set as Ef = 0.48 eV.
Here we consider nearly ideal graphene, while graphene grown
by chemical vapor deposition (CVD) can also support
pronounced SP resonances.48,49 We discuss the results with
practically achievable graphene parameters in the Supporting
Information, which show similar effects presented in the main
text. When the graphen metasurface is illuminated by a
perpendicularly incident TM beam with electric field polarized
along the x-axis, the strong SP resonance of the graphene
ribbons can be excited. The dielectric spacing layer and the
metallic back reflector form an optical cavity, which can enhance
the interaction between incident light and graphene surface
plasmons.50−52 Consequently, the phase modulation range
could reach 2π with the variation of the width of graphene
ribbons, as shown in Figure 1b. In this case, the reflected fields of
the metasurface can be regarded as the interference of the
radiated fields from the resonant structure and the direct
reflected fields from the metal mirror at the bottom. However,
the situation is different for Smith-Purcell radiation, because the

graphene ribbons are excited by TM polarized evanescent fields
associated with the moving charged particles. The far-field
radiation results from the coupling of evanescent fields and
subwavelength resonant structures. Only the radiated fields with
higher Floquet modes from the resonant structure itself can
propagate to the far field. It turns out that the phase modulation
range of the Smith-Purcell radiation limits to π when varying the
width of the graphene ribbons (Figure 1c), due to the lack of the
interference with the direct reflection in the far field. Therefore,
we need a new strategy to achieve the phase modulation range of
2π, which is the key to control the radiation.
One approach is to utilize displacement-dependent phase

modulation as described in the following. When the graphene
ribbon shifts from the center of the unit cell with a displacement
Δx, the effective conductivity of the graphene metasurface in the
xy-plane can be expressed as σeff = ∑mσme

imG·(x+Δx). Excited by
the incident fields of the charged particles, the effective current
of the metasurface J = σeffEi can be regarded as the source of the
Smith-Purcell radiation. Due to the momentum conservation,
the Smith-Purcell radiation added an extra phase mGΔx. As a
result, the phase of Smith-Purcell radiation follows:

φ φ= + Δ − < Δ <mG x p x p, with /2 /20 (6)

Here, ϕ0 is the phase of radiated light when the graphene ribbon
is at the center of its unit cell (i.e.,Δx = 0). In the case ofm =−1
(i.e., first-order Floquet mode), the phase modulation range of
the radiated light can reach 2π when Δx changes from −p/2 to
p/2. Considering the finite width of graphene ribbons with
respect to the period, we takem =−2 (i.e., second-order Floquet
mode), in which case the phase modulation range of the radiated
light can reach 2π, withΔx changing from−p/4 to p/4.We have
simulated the radiation wave at 2 THz, when the period of the
graphene metasurface is increased to p = 50 μm and the velocity
of charged particles is v0 = c/6. The dependence of phase on the
displacement,Δx, is shown in Figure 1d. We have also used eq 5
to calculate the radiation phase, which agrees perfectly with the
simulated values. Hence, the phase of the Smith-Purcell

Figure 2. (a) Normalized radiation amplitude and (b) radiation phase with different filling ratios (defined as the ratio of ribbon width and period) and
displacements of graphene ribbons. The contour lines in (b) are plotted according to eq 6. (c) Amplitude of radiation versus the width of the graphene
ribbons or metallic grating. Here the graphene ribbon or metallic gratings is placed at the center of each unit cell (i.e., the displacement is 0). (d)
Dependence of radiation amplitude and phase on the Fermi level of graphene. The frequency is 2 THz in all the simulations.
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radiation could be easily tuned from 0 to 2π by varying the
displacement of the graphene ribbons in the unit cell.
The amplitude of Smith-Purcell radiation can be controlled

and enhanced, owing to the strong plasmon resonance of
graphene ribbons that depends on the width of ribbons.53−57 SP
resonances of graphene ribbons can be excited by the evanescent
fields when the wavevector of graphene surface plasmon kspp
satisfies the phase matching condition kspp = kx. In our design,
the incident fields are evanescent fields with a large value of kx.
The SP resonance of the graphene ribbons can be excited
without adding an additional Bloch wavevector. The radiation
amplitude will be enhanced, thanks to the electric field
enhancement of graphene SP resonance. Thus, we can control
the amplitude of Smith-Purcell radiation by varying the width of
the graphene ribbons. Figure 2a presents the simulation result of
the radiation amplitude of the metasurface at 2 THz with
different filling ratios of graphene ribbons (defined as the ratio of
ribbon width and periodicity) and different displacements.
Here, the Fermi level of the graphene ribbons is set as Ef = 0.48
eV. We find that the radiation amplitude varies rapidly with the
ribbon width. However, the radiation amplitude is insensitive to
the displacement of graphene ribbons because the SP resonance
of the graphene ribbon does not rely on its position. On the
contrary, the phase modulation, as shown in Figure 2b, has weak
dependence on the filling ratio, except when the filling ratio is
around 0.4, which induces the graphene SP resonance at 2 THz.
By changing the displacement of graphene ribbons, we can tune
the phase of the radiated light from 0 to 2π, regardless of the
amplitude of the graphene SP resonance. The results in Figure
2a,b show that the radiation amplitude and phase can be
controlled via different physical mechanisms, which provide us
with independent degrees of freedom to tailor the radiated light.
In addition to the full control of the radiated wave, high

radiation efficiency is another advantage of graphene metasur-
face. We have compared the radiation efficiency of the graphene
metasurface with that of the traditional one-dimensional
metallic grating. The result is shown in the Figure 2c. In the
simulation, the periodicity of both the metallic grating and
graphene metasurface is set as p = 50 μm.We choose gold with a
conductivity of 4 × 107 S/m to construct the metallic grating,
and its thickness is set as 0.2 μm. Because of the superior field
confinement and enhancement of graphene plasmons at
terahertz, the coupling efficiency between the evanescent fields
and the SP resonance of graphene ribbons is much higher than
the case when a metallic grating is used. As a result, the Smith-
Purcell radiation induced by graphene metasuface can achieve
higher radiation efficiency. Meanwhile, because the SP
resonance of graphene ribbons has a dependence on the
conductivity of graphene, which could be adjusted by changing
the Fermi level via electrogating. We have simulated the

radiation amplitude and phase induced by the graphene
metasurface with a fixed width of 0.39p and different Fermi
energies, as shown in Figure 2d. One can clearly see that the
Smith-Purcell radiation can be adjusted by changing the Fermi
level of graphene ribbons.
Since the phase of the radiated light can be tuned from 0 to 2π,

we can apply graphenemetasurfaces to steer the radiated light by
designing a proper phase gradient profile. Consider that the
phase difference of the optical path of the radiation wave from
two adjacent unit cells is zero:2

φ θ φ φ[ − + ] − [ + + ] =k mG x k x( )d sin( )d ( d ) 0x 0
(7)

where dx is the distance between the adjacent unit cells. The
relation between the radiation angle and phase gradient is then
given by

θ
λ λ

π
φ= − +c

v
m

p x
sin

2
d
d0

0 0

(8)

Figure 3a shows the field distribution of the Smith-Purcell
radiation at 2 THz when the metasurface has a constant in-plane
phase difference between adjacent unit cells dϕ = π/3. At this
frequency, the radiated light should propagate along the z-axis as
charged particles move above a periodic structure according to
the eq 4. However, using the proposed graphene metasurface
with displaced graphene ribbons to implement the phase
difference of dϕ = π/3, one can steer the direction of the radiated
light to 30°. At another frequency, 1.83 THz, the radiated light,
which should propagate at the direction of θ = −30° with a
periodic structure, now propagates almost along the z-axis by
using the same graphene metasurface (Figure 3b). We have also
simulated the Smith-Purcell radiation when the Fermi level of
graphene ribbons is varied, as shown in Figure 3c. Because the
phase gradient does not change, the radiated light still
propagates at 30°, but the radiated amplitude drops due to the
change of Fermi level.
For practical applications, focusing Smith-Purcell radiation

without any bulky lenses is of importance, which can also be
obtained by designing the displacement of the graphene ribbon
within the unit cells. Note that the amplitude and phase of the
radiated light can be independently tuned by the graphene
metasurface through the width and the displacement of
graphene ribbons, respectively. It offers great convenience to
design a focusing lens with multiple focal points. To make the
radiated waves from the metasurface constructively interfere
with each other at the focal points, not only the phase along the
metasurface, but also the amplitude at the local point of the
metasurface should be considered. Mathematically, the
normalized complex amplitude along the metasurface can be
expressed as

Figure 3. Electric field distribution of Smith-Purcell radiation generated by a graphene metasurface at a frequency of (a) 2 THz (a) and (b) 1.83 THz.
The displacement-induced phase difference is dϕ = π/3 between adjacent unit cells. (c) Electric field distribution of Smith-Purcell radiation is 2 THz
when the Fermi level of the graphene ribbons is changed from to 0.48 eV used in (a) and (b) to 0.24 eV.
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Here Fi is the focal length of the ith focal point, xi is the
horizontal offset of the ith focal point from the central axis (that
is, x = 0), Ai is the weight factor to tune the relative amplitude of
the ith focal point that satisfies ∑i=1

n Ai = 1. As a proof-of-

Figure 4.Distribution of normalized electric fields produced by a dual-focus graphene metalens with different design parameters. (a) Lateral locations
of the two focal points are x1 = x2 = 0, and weight factors areA1 =A2 = 0.5. (b) Lateral locations of the two focal points are x1 =−1000 μmand x2 = 2000
μm, and weight factors are A1 = 0.3 and A2 = 0.7. (c) and (d) plot the normalized electric field amplitude across the focal points in (a) and (b),
accordingly.

Figure 5. (a) Normalized radiation amplitude and phase of Smith-Purcell radiation induced by a metasurface that is composed of rotated rectangular
graphene patches. (b) Distribution of Ex and Ey of the radiated wave induced by a graphene metasurface, whose unit cell has a rotated rectangular
graphene patch and a square graphene patch. (c) The dependence of the phase of Ex and Ey components of the emitted light on the displacement of the
combined graphene graphene patches. (d) Electric field distribution of Ex and Ey of circularly polarized Smith-Purcell radiation induced by the
graphene metasurface with a phase difference of dϕ = π/3 between adjacent unit cells along the x-axis.
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principle demonstration, we consider a dual-focus metalens with
a focal length of F1 = 40λ and F2 = 20λ, respectively. Figure 4a
shows the radiated field distribution without horizontal offset of
the two focal points (x1 = x2 = 0), and the weight factors are
identical (A1 = A2 = 0.5). Similarly, we have designed another
metalens, as shown in Figure 4b, for which the two focal points
are located at x1 = −1000 μm and x2 = 2000 μm, respectively,
and the weight factors are different (A1 = 0.3 and A2 = 0.7). We
can clearly see that the two focal points are at the designed
positions. The details about the width of each graphene ribbon
of the twometalenses is provided in the Supporting Information.
To make a quantitative comparison, in Figure 4c and 4d we plot
the electric field amplitude along a horizonal line across the focal
points (i.e., z = F1 and z = F2). The amplitude of the electric
fields at the focal points indeed matches the predesignated
weight factors very well. The proposed graphenemetalens shows
the ability of focusing radiated wave at desired positions, which
may lead to integrated, high-intensity light sources without any
external bulky optical elements.
Finally, we will show that the polarization of Smith-Purcell

radiation can be controlled as well. The radiated light generated
by the metasurface based on graphene ribbons is always
polarized along the x-axis, because the graphene plasmon
resonances induce an array of electric dipoles oriented along the
x-axis. To overcome this limitation and generate radiated field
polarized along the y-axis, we need to induce electric dipoles
pointing along the same direction, which can be realized by a
rotated rectangular graphene patch. Figure 5a depicts the
amplitude and phase of the radiated field in the x- and y-
directions as a function of the rotation angle. In the simulation,
the periodicity of the metasurface in the x- and y-directions is p =
50 μm and the width and length of the rotated graphene patch
are 0.15p and 0.3p, respectively. As shown in Figure 5a, in the
case of α = 0 and π/2, the amplitude of Ey in the far field is nearly
0. Meanwhile, in the case of α ∼ π/4, the amplitude of Ey equals
Ex. If we want to generate a circularly polarized radiated wave,
the amplitude of Ex and Ey should be equal and their phase
difference should be ±π/2. However, the phase difference
between Ey and Ex is only π. Therefore, we resort to the proper
phase difference by combining the rotated rectangular graphene
patch of α = π/4 with an additional square graphene patch in a
unit cell. The coupling between the two graphene patches is
weak, so that the phase and amplitude of radiated Ey mainly
result from rotation of the rotated rectangular graphene patch.
By changing the geometry size and the horizontal displacement
of the square graphene ribbon, we can tune the radiated field
amplitude and phase from the square patch. Through the
interference of the radiated field from the two patches, we can
obtain equal amplitude of the Ex and Ey components in the
emission and a phase difference of ±π/2. Figure 5b shows the
field distribution of Ex and Eywhen a square graphene patch with
a width of 0.3p and displacement ofΔx =−0.1p is added into the
unit cell. From the field distribution, we can clearly see that the
amplitudes of Ex and Ey are equal, and their phase difference is π/
2, confirming that right circularly polarized light is generated.
Because of the symmetry, the left circularly polarized wave can
be readily realized with a rotation angle α = −π/4 and a
displacement of Δx = 0.1p. We can further control the
propagation direction of the circularly polarized emission via
proper phase gradient by changing the displacement of the
combined two graphene patches, as we have discussed before.
Figure 5c shows that the phase of Ex and Ey varies from −π to π,
when the displacement of the two combined graphene patches

changes from −p/4 to p/4. By introducing a phase difference of
dϕ = π/3 between adjacent unit cells along the x-axis, we can
steer the radiated circularly polarized wave to 30°, as shown in
Figure 5d.
In conclusion, we theoretically and numerically demonstrate

the complete control of Smith-Purcell radiation by graphene
metasurfaces. Through changing the displacement of graphene
ribbons, we can add an additional phase to the radiated wave. As
a result, the phase of the radiated wave can be tuned in the full
range of 2π. Meanwhile, we can control the amplitude of Smith-
Purcell radiation by changing the width of graphene ribbons,
because the width influences the strength of the induced
graphene plasmon resonance. The cross-polarized radiation can
be obtained via rotated graphene patches. Combining two
graphene patches within a unit cell and properly adjusting their
relative orientations and positions, we can generate circularly
polarized Smith-Purcell radiation from the metasurface. The
strategy presented here can be used to design electron-beam-
induced light sources, holograms, and other novel electro-
optical devices on the chip scale. It also sheds new light on the
interactions between electrons, photons and structure light,
which may help us to develop new techniques to probe material
properties.
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